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PREFACE
The purpose of this book is to present the essentials of the

subject of Graphic Statics, especially in their application to the
calculations of reactions, stresses, shears and moments.

In planning the contents of the book the specific require-
ments of Civil as well as Mechanical, Electrical and Chemical
Engineering students have been kept in mind. To this end
only that material, considered to be of actual necessity for a
fundamental working knowledge, has been included. Articles
17 and 18, however, have been devoted to the special applica-
tion of the subject to the investigation of the stability of arch
rings and masonry dams.
The subject matter may be presented in about fifteen class-

room exercises. The method followed successfully by the
authors is to assign one article or in some cases two articles

with selected problems from the text for each recitation.

This treatment of Graphic Statics may also be found useful
to the practicing engineer in enabling him to review in brief
and compact form the application of the subject to the solu-
tion of structural problems.

Clarence W. Hudson
Edward J. Squire

Brooklyn, N. Y.

May, 1923.





CONTENTS

Preface. . . .

v

CHAPTER I

General Considerations

Art. 1. Elementary Conceptions and Definitions. . . !A Force—The Component of a Force—The Moment of a Force-
Couple—Coplanar Forces—Resultant of Two Non-parallel
Forces-Moment of Forces about a Point on Their Resultant

Art. 2. Concurrent Forces
4

The Force Polygon—Equilibrium of Concurrent Forces—To
Find Unknown Forces from the Force Polygon-Stresses in
Iruss Members.

Art. 3. Non-concurrent Forces
The Resultant of a Set of Non-current Forces.

Art. 4. The Equilibrium Polygon
General Method of Finding the Resultant of Non-concurrent
Forces—Force and Equilibrium Polygons for a Number of
Non-concurrent Forces—Test for Rotation—Conditions for
Determining Nature of Resultant from Equilibrium Polygon-
Equilibrium of Non-concurrent Forces.

CHAPTER II

7

M

16

Reactions

Art. 5. General Considerations

Loads on an Engineering Structure—Reactions—Reaction of a
Structure on a Single Support—Two Vertical Reactions, Unstable
—Two Inclined Reactions, Indeterminate—One Vertical and
One Inclined Reaction—Statically Determinate Structure-
Examples of Structures that are Statically Determinate with
Respect to the Outer Forces—Outer Forces Non-concurrent

Art. 6. For™ and Equilibrium Polygons Applied to the Determina-
tion of Reactions

23
Reactions for a Simole Beam.

vn



viii
CONTENTS

CHAPTER III

Stresses in Simple Structures
Pagf

Art. 7. General Considerations .
31

Definition of a Truss—Outer Forces—Inner Forces—Classifica-

tion of Trusses—Methods of Determining Stresses—Method of

Joints—Determinate and Indeterminate Trusses—Bow System

of Notation.

Art. 8. Stresses in Trusses by the Method of Joints 37

The Combined Force Polygon.

Art. 9. Stresses in Trusses by the Method of Sections 41

The Forces in Equilibrium—The Force Polygon—Combined

Force Polygon.

Art. 10. Cases of Apparent Ambiguity 43

The Fink Truss—First Method—Second Method.

Art. 11. Unsymmetrical Loadings 46

Wind Loading—Stresses Due to Single Load.

Art. 12. Unsymmetrical Trusses 51

Unsymmetrical Roof Truss—Cantilever Trusses.

CHAPTER IV

Moment and Shear

Art. 13. Shear 58

Definition—Vertical Shear—Graphical Computation—Live

Load.

Art. 14. Moment 61

Definition—Moment of a System of Forces.

Art. 15. Bending Moment 63

Definition—Resisting Moment—Bending Moment in a Beam

—

Graphical Determination of Bending Moment—Bending Mo-

ments for Moving Loads.

Art. 16. The Equilibrium Polygon for a Given Set of Forces ... 67

Equilibrium Polygon through One Point—Equilibrium Polygon

through Two Points—Equilibrium Polygon through Three

Points.

Art. 17. To Draw an Equilibrium Polygon in an Arch Ring .... 72

Nature of Stress at Cross-section of Structure—Stability of

Arch Ring—Method of Analysis—Equilibrium Polygon for

Dead Load—Illustrative Problem.

Art. 18. Stability of a Masonry Dam 79

Methods of Failure—Forces Acting—Rules Governing Design-

Illustrative Problem.

go
Index •



ELEMENTS OF GRAPHIC
STATICS
CHAPTER I

GENERAL CONSIDERATIONS

1. Elementary Conceptions and Definitions.—Graphic Sta-
tics is commonly understood to be the method of determining
by geometry the forces brought into action by the loads which
act on a structure. In determining the effects of loads in

producing reactions, shears, moments, and stresses, it is

necessary to make certain calculations. These have to be
made under the rigid requirement that no motion exists

either in the structure as a whole or in any of its parts. The
calculations may be made algebraically or, as will be somewhat
briefly illustrated in this book, graphically.

A force is said to be defined when its magnitude, direction,

line of action, and point of application are known. It can
readily be seen that a force may be represented by a straight

line, for when the magnitude, direction, and a point on the

line are known, it may be drawn. As far as its effect on a

body in producing motion is concerned, it makes no difference

at what point on the line of action of the force the point of

application is located. For the purpose of obtaining the

stresses in a structure, however, the point of application of the

force must be definitely known.

The Component of a Force.—Experience and experiment show
that a force produces its maximum effect in the direction of its

line of action. Its effect along some other line, making an
angle with the line of action, is equal to the projection of the

force on this line. In Fig. la let AB represent a force. Its

effect along the line xx or x'x* is represented by AC or A'C
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respectively. AC is called a component of the force AB, and

its magnitude is AB cos 0.

The Moment of a Force.—The tendency of a force to produce

rotation about a given point is directly proportional to the

magnitude of the force and to the perpendicular distance of

the line of action of the force from that point. The product

of the magnitude of a force and the perpendicular distance

between the line of action of the force and a given point, is

called the moment of the force about that point. The

point about which the moment is taken is called the moment

center, and the perpendicular distance from the moment

center to the line of action of the force is called the lever arm.

The moment of a force is taken as positive if it tends to cause

a clockwise rotation about the moment center, and it is taken

as negative, if it tends to cause a rotation in the opposite

direction. In textbooks written in this country on the theory

of structures the unit of moment is usually taken as either

the inch-pound or foot-pound, and the magnitude of moments

will be expressed in one of these units in this book.

Couple.—Two equal and opposite parallel forces acting on a

Pi ^=L

Fig. \h.

body constitute a couple. A couple produces no motion of

translation; it does, however, produce rotation. The moment

of a couple is the product of the magnitude of one of the forces
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by the perpendicular distance between the lines of action of
the forces. The moment of the couple shown in Fig. 16 is
•Pi X a.

Coplanar Forces.—A number of forces having their lines of
action lying in the same plane are known as coplanar forces
It should be noted here that all the forces considered in this
book are coplanar.

Resultant of Two Non-parallel Forces.—It is often desirable
to replace a set of forces by a single force, or to replace a
single force by two or more forces. (It must be remembered,
however, that if two or more forces are to have any relation to
each other they must act on the same body.) The single
force that would have the same effect in producing motion as a
number of forces is called the resultant of these forces. If

OA and OB, Fig. U, represent two forces, P, and P,, respec-
tively, acting at the point O, then the diagonal, OC, of the
parallelogram, OACB, represents their resultant. In deter-
mining the resultant of two such forces it is necessary to draw
only OB and BC. In order to find two component forces, P,
and P2

,
that would have the same effect as a single force, R, it

is necessary to draw either a parallelogram in which R is the
diagonal or simply a triangle in which R is the closing side
then the sides represent the forces. It must be remembered'
however, that the point of application of the forces in either
case is O. The process of replacing a single force by two
or more forces is known as the resolution of forces. A force
equal and opposite to R and having the same line of action
will hold P, and P, in equilibrium.

Moment of Forces about a Point on Their Resultant.—The
resultant moment of the two component forces, P x and P2 ,



4 ELEMENTS OF GRAPHIC STATICS

about any point on the line of action of R is zero. This may

be shown as follows: In Fig. Id the moment of Pi about any

point D on the resultant of Pi and P2 is Pih. The moment

of P2 about D is -P2 l 2 . The resultant moment is Pih - P2I2.

From the geometry of the figure, h = OD sin 0i and l 2 = OD

sin 2 ,
therefore, Pih ~ Wj = PiOD sin 0i - P2OD sin 2 ,

but Pi sin 0i = EB, and P2 sin 2 = EB, therefore, Pih -

p2l 2
= OD X EB - OD X EB = 0.

The moment of Pi and P2 about any point that is not on the

line of action of their resultant is equal to the moment of the

resultant about this point.

Prob. la.—In Fig. \c let Pi equal 40 pounds, P 2 equal 60 pounds and

the angle AOB equal 45 degrees. Find the direction and magnitude of

their resultant. Scale 1 inch equals 20 pounds.

2. Concurrent Forces.—Concurrent forces are those which

have a common point of application.

The Force Polygon.—The resultant of a number of concurrent

FlQ. 2a.

forces may be found by a continuation of the method shown in

Fig. lc, Thus, in Fig. 2a, it is desired to find the resultant of
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Pi, P2 ,
P3 and P4 ,

acting at the point 0. The resultant of Pi
and P2 is Rh the resultant of #1 and P 3 is i? 2 and the resultant

of R 2 and P4 is # 3 . The resultant of the system of forces is,

therefore, R 3 and it may be obtained by simply drawing OA,
A B, BC, and CD; these lines are equal and parallel to the
forces, and each one is drawn from the end of the other in the
direction of the force it represents. The figure OABCD is

called the force polygon and the resultant, OD, is the line that

closes the polygon. In order to have equilibrium a force equal
and opposite to R s would have to be supplied.

Equilibrium of Concurrent Forces.—It is evident from the

above that, for a system of forces having a common point of

application and not in equilibrium, the resultant is a single

force. If such a system of forces is in equilibrium, the resul-

tant is zero and a closed polygon is formed when the forces

are laid off successively from a given origin, in any order, to

scale and direction. In this case any side of the polygon is the

equilibrant of the other sides and any side reversed in direction

is the resultant of the other sides.

In Fig. 26 the forces Ph P2 , P3 , Pa and PB are in equilibrium.

Figures 2c and 2d are force polygons for this set of forces.

Figs. 26, c and d.

The closure of the force polygon in both figures indicates that

the order in which the forces are laid off does not affect the

result.

The algebraic conditions of equilibrium for concurrent

forces are, that, the sum of the horizontal and vertical com-
ponents must both equal zero; i.e., 2/7 = and 2F = 0.

The circumscribed rectangles in Figs. 2c and 2d show that these

conditions are satisfied graphically.
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To Find Unknown Forces from the Force Polygon.—When any

system of concurrent forces is in equilibrium and the directions

of all the forces known, but the magnitudes of two of the

forces unknown, then the two unknown forces may be found by

means of the force polygon. This may be illustrated as fol-

lows: The stresses in the members of a 1 russ, together with any

r^-*!

external loads, form a system of concurrent forces at each of the

joints of the truss. These forces must be in equilibrium;

otherwise there would be a motion of the joint.

Figure 2e shows such a group of forces acting at a

bottom chord joint of a truss. Pi is the panel load, P2 ,
P3, Px,

and Py are the stresses in the members acting at the joint.

Pi, P2 , and P3 are known in amount and direction. Px and Py ,

are known in direction only, and it is desired to find their

magnitudes. These are readily determined from the force

polygon which may be drawn as indicated in either Fig. 2/ or

2g. The magnitudes of Px and P y must be such that all the

forces form a closed polygon. In order to construct Figs. 2/

and 2g, the origin is taken at and the known forces laid off

until N is found. The problem, now, is to close the polygon

by two forces, one parallel to Px , and the other parallel to P y .

In Fig. 2/, Py is drawn indefinitely through N, and Px is drawn

through 0. In Fig. 2g, P.r is drawn through N and Py is drawn

through 0. The resulting stresses are the same in each case.

The order in which the forces are laid off in the force polygon

does not affect the result, but it is convenient to draw them in

the order in which they occur, by proceeding in a clockwise

direction about the joint.

Stresses in Truss Members.—The stresses in all the members

of a truss may be found by the successive application of the
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above principles. Figures 2i, 2j, and 2fc show force polygons
for various joints of the truss of Fig. 2h. The method of

combining these into one diagram will be given later.

]&r=

Figs. %

2h, i, j and k.

Prob. 2a.—Let Fig. 2e represent a bottom chord joint of a truss, the
depth his 12feet, p, the panel length is 20 feet, the panel load 1\ is 14,000
pounds, Pa is 45,600 pounds and l>, is 23,000 pounds. Find Vx arid P„
in character and amount.

Prob. 2b.—The roof truss shown in Fig. 2h has a span of 60 feet and a
rise of 20 feet. If the reaction R h at the left support is 8,000 pounds, find
the stresses in the members 1 and 3.

3. Non-concurrent Forces.—Non-concurrent Forces are
those which do not have a common point of application.

The resultant of a system of non-concurrent forces, in which

all the lines of action of the forces are not parallel, may be
obtained by the method indicated in Fig. 3a for Ph P 2 , and
P.v The resultant of Pi and P2 is R Jm This is found by
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completing the parallelogram ABCD in which AB and AD
represent the magnitudes of Pi and P2 respectively. In a

similar mariner the resultant of I\\ and P 3 is found. The

resultant of the three forces is therefore R 2) and its line of

action passes through E.

If the original set of forces included a force R' 2 equal and

parallel to R 2 but opposite in direction, and at distance a

from R2, the resultant of the system would be a couple of

magnitude, —R 2 X a.

Again, the forces Ph P2 , and P 3 of Fig. 3a are laid off in

amount and direction one from the end of the other in Fig. 36,

to form a force polygon. R2i the closing line, gives the magni-

tude and direction of the resultant but the line of action or

point of application of this resultant must be obtained from

Fig. 3a. In order to have equilibrium a force equal and oppo-

site to R 2 would be required, but unless such a force is coinci-

dent with R 2 of Fig. 3a, rotation will result

.

J±
: p,

*
Cc)

<—c-->

*/»Aft
^ (J)

Figs. 3c and d.

It is evident from the preceding that the resultant of a

set of non-conpurrent forces not in equilibrium may be a single

force or a couple, the closure of the force polygon shows only

that there is no tendency to a motion of translation.
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Figures 3c and 3c? are further examples of non-concurrent
forces that form a closed polygon but have a couple for their
resultant. In order to have equilibrium a couple of equal
magnitude tending to cause rotation in an opposite direction
would have to be supplied. The three forces acting on the
body of Fig. 3d also indicate that three non-parallel forces
cannot be in equilibrium unless they are concurrent
The method used in Fig. 3a for finding the resultant of non-

concurrent forces cannot be applied either to parallel forces

or to forces that do not intersect within the limits of the
drawing. For certain operations in Graphic Statics the resul-

tant of a system of forces may be used with more facility than
the forces themselves, a method of finding the resultant of

any group of forces will be developed in the following article.

Prob. 3a.—Find the magnitude and line of action of the Resultant
for the forces shown in Fig. Se.

Fig. 3e.

4. The Equilibrium Polygon. General Method of Finding
the Resultant of Non-concurrent Forces.—A method of

combining forces of the most general nature and distribution

and at the same time furnishing a test for equilibrium with
respect* to rotation may be developed as follows: Consider
first the two parallel forces Pi and P2 of Fig. 4a. Their
resultant is represented in amount and direction by AB of the

force polygon, Fig. 46. As the forces do not intersect it is

impossible to find the line of action of this resultant with
respect to the forces by completing the parallelogram in which
they are the sides. It is necessary, therefore, to replace P\
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and P2 by component forces that do intersect. In Fig. 4a, Pi

may be resolved into two components 1 and 2, at the point

M, by making 1 and 2 the sides of a parallelogram in which

Pi is the diagonal. M may be any point on the line of action

of Pi. The components will act toward this point. In a

similar manner P2 may be resolved into two components 2

and 3 acting toward N. The point N is located by producing

the component 2 of the force Pi until it intersects the line of

action of P2 . The component 2 of the force P2 is made equal

to the component 2 of the force Pi by laying it off from N
so that KN equals SM. As the component 2 of the force P2

is made equal, opposite, and to have the same line of action

as the component 2 of the force Pi, their resultant is zero.

The resultant of Pi and P 2 must, therefore, be the resultant

of the components 1 and 8, and the line of action of this resul-

tant must pass through their intersection, V. The magnitude

and direction of the resultant may be found by completing

the parallelogram in which 1 and 3 are the sides but this is

not necessary since these results are more readily obtained

from the force polygon of Fig. 46.

A more convenient method of obtaining the components

1 , 2 and 3 is indicated in the force polygon of Fig. 46. AG and

OC represent the magnitudes and directions of the components

1 and 2 of Pi, and CO and OB represent the components 2 and

3 of P2 . The lines 1, 2, and 3 of Fig. 4a are made parallel to

J, 2
}
and 3 of Fig. 46. It is evident that the point of applica-
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tion of the resultant may be obtained by producing 1 and 3
until they intersect. It is not necessary to draw any of the
dotted lines shown in the figures in order to solve the problem.

Figure 4a is called the space diagram and equilibrium poly-
gon and the lines of action of the component forces 1, 2 and
8 are called segments. In Fig. 46 the component forces 1,

2 and 3 are called strives or rays. The point is called the
pole and it may be taken anywhere, but it is desirable to
select it so the segments of the equilibrium polygon will make
good intersections within the limits of the paper.

Force and Equilibrium Polygons for a Number of Non-
concurrent Forces.—The method of finding the resultant of a
more general group of non-concurrent forces is shown in Figs.

4c and 4d. The forces are laid off one from the end of the
other in direction and magnitude in the force polygon, Fig.

4d. The closing line, R, represents the magnitude and direc-
tion of the resultant. The rays 1,2,8, 4 and 5 are drawn to
the pole and represent the magnitude and direction of the
component forces into which the forces Pi, P2 , P 3 , and P4

are resolved. In the equilibrium polygon, Fig. 4c, the segments
1,2,3, 4, 5 are drawn parallel to the corresponding rays of the
force polygon. Segments 1 and 2 replace Ph segments 2
and 3 replace P2 , etc. The component 2 of the force P2 is

drawn at the intersection of the component 2 of Pi with the
line of action of P2 . As they are of the same magnitude and
act in opposite directions along the same line they cancel each
other. Likewise the components 3 of P2 and 8 of P 3 also

4 of P3 and 4 of P4 are made to cancel. The group of forces
may be replaced by 1 and 5, their resultant, must pass
through the point K, their intersection. R drawn through
K parallel to R of the force polygon is, therefore, the line of

action of the resultant. Any other equilibrium polygon that
may be drawn for this set of forces would locate another
point on this line.

If the original set of forces had included another force equal
and opposite to R the forces would have formed a closed force

polygon. If in addition this force had passed through K in the
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equilibrium polygon all the segments would cancel and the

system of forces would be in equilibrium. This follows from

the fact that a force equal and opposite to R, represented by

Fig. 4c.

Fig. 4d.

BA in the force polygon, would have the components 5 and 1

acting in the direction BO and OA respectively, and when

these components are substituted for BA at the point K in the
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equilibrium polygon, they act along the same lines and in

opposite directions to the segments 5 and 1 of P4 and Pi. The
first segment of the equilibrium polygon in this case is 1 acting

in the direction AO, the last segment is 1 acting in the direc-

tion OA. It may be stated, therefore, that when the first and
last segments of the equilibrium polygon fall on the same line

and are equal and opposite in direction equilibrium results.

Test for Rotation.—If the forces shown in Fig. 4c had
included a force R', equal and opposite to R but acting through

any point K f

, then a closed force polygon would also result

when the forces are laid off as in Fig. Ad. At the point K'
where the segment 5 of the force P 4 intersects R'; R' may be

replaced by a component 5, acting in the opposite direction and
along the same line as component 5 of the force P4 , and a com-
ponent 1 acting opposite to the component 1 of the force Pi but

along a line parallel to 1 and at a distance b from 1. The resul-

tant of the system would, therefore, be a couple of magnitude

1 X b. The magnitude of 1 is obtained by measuring AO to

the scale of forces, Fig. 4d. The distance b is scaled from

Fig. 4c.

Conditions for Determining Nature of Resultant from Equilib-

rium Polygon.—The following principles are apparent from the

foregoing:

I. Any system of non-concurrent forces may be replaced

by two single forces. The lines of action of these forces

are given by the first and last segments of the equilib-

rium polygon.

II. When the first and last segments of the equilibrium

polygon intersect, the resultant is a single force.

III. When the first and last segments of the equilibrium

polygon are equal, act along the same straight line, and

in opposite directions, the forces are in equilibrium.

IV. When the first and last segments of the equilibrium

polygon are equal, act along parallel lines, and in

opposite directions, the resultant is a couple.

Figure 4e is a further illustration of the principle stated in III.

Figures 4/ and 4g are examples of principle IV.



14 ELEMENTS OF GRAPHIC STATICS

Equilibrium of Non-concurrent Forces.—The algebraic con-

ditions of equilibrium for non-concurrent forces are that the

sum of the vertical and horizontal components must both

equal zero and in addition the sum of the moments of the forces

about any point must be zero; i.e., 2H = 0, 2F = 0, and

SM = 0. The first two conditions are indicated graphically

Fig. 4e.

M'lxa

Fig. 4/.

Ff-6 %-4 fyf

<-i2'->< »'--

Fig. 4& .

by the closure of the force polygon, the last condition is satis-

fied graphically by the closure of the equilibrium polygon, as

stated above in III.

Prob. 4a.—Determine the line of action and amount of the resultant

for the forces shown in Fig. \h by drawing the force and equilibrium

polygons. Pi - 60 pounds, P2 = 40 pounds, P3 = 50 pounds, P4 = 60

pounds and P 6 = 60 pounds.
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Prob. 4b.—Figure 4i represents the loading and space diagram for two
engines, known as Cooper's E50 Loading. Find the location and amount
of the resultant.

SI

%

Fig. Ah.

Ill

-

111^oj *o ^

-d'-As'^S'^Si^ S'-+\>Sl\>£'^S<T'8
f
>

§11

^ 4^ tf*sT -*<<
D11S111
sW+si

Fig. 4i.

Prob. 4c.—Multiply the forces shown in Figs. 4e and 4/ by 100 and

determine the nature and magnitude of the resultant. (State moment
of couple.)



CHAPTER II

REACTIONS

5. General Considerations. Loads on an Engineering

Structure.—An engineering structure is built for the purpose of

carrying certain loads or resisting certain forces. The loads

or forces to which a great majority of structures are subjected

are not susceptible of exact determination. For example, the

exact amount and distribution of the earth pressures on retain-

ing walls, culverts, tunnel linings, and sewers are very uncer-

tain. For such structures as stringers, floor beams, bridge

trusses, and roof trusses, the loads may be determined with a

reasonable degree of accuracy.

Reactions.—The loads or forces carried by a structure bring

into action certain other forces, at the points at which the

structure is supported, known as reactions. The given loads

together with the reactions, for a sale structure, constitute a

group of forces that must be in equilibrium. These loads and

reactions are called the outer or external forces. Where the

material on which the structure rests is of such a nature that

the law of reaction distribution is known, the reactions may be

determined by the operations of graphic statics.

Reaction for a Structure on a Single Support.—Figure 5a

represents the typical cross-section of a dam. The forces to

which the structure is subjected are the resultant water

pressure, P, acting at a distance s above the base AB; and

the weight of the dam, W, acting at the center of gravity of

the cross-section.

The resultant of P and W is R; this resultant acts at N, the

intersection of the lines of action of P and W . The magnitude

and direction of R are found from the force polygon by the

method explained in Art. 1.

16
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The dam could be held in equilibrium by a single reaction

equal and opposite to R and having the same line of action.

Thus, in Fig. 56 the reaction R x could be supplied by a single

strut at C. Since P, W, and Ri are concurrent forces in

equilibrium, they form a closed force polygon. Such an

A
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to offer no resistance to a horizontal motion of the dam. This

type of support is called a free support and it is indicated

thus:,^ Because of the nature of the supports furnished,

the reactions Ri and R2 will necessarily be vertical and pass

through A and B, the points of support. It is evident that

w

Fig. 5c.

two such reactions cannot hold P and W in equilibrium as it is

impossible to form a closed force polygon from P, W, and the

two vertical forces Hi and Ri. The structure is unstable in

this case ; it will move horizontally under the action of the ap-

plied loads. In order to prevent such a movement, at least

' */

Fig. 5d.

one of the supports must be made so that it can furnish a

horizontal reaction equal and opposite to P.

Two Inclined Reactions, Indeterminate.—If both supports

A and B, Fig. 5d, are constructed so that each reaction may
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have a horizontal component, H, and a vertical component V,
this type of support is called a fixed support and it is indicated

thus :
|

/^/\ it is not possible to show a correct force polygon for

the outer forces. The magnitudes and directions of both Ri and
R 2 are unknown. The only conditions to be satisfied are that

Vi plus V2 must equal W , Hi plus H 2 must equal P and the

lines of action of Ru R2 and R, the resultant of P and W, must
intersect or be parallel. It is impossible to determine four

unknown values from these three conditions. It might be

assumed that Hi equals H2 , and that the lines of action of Ri
and R% are parallel to the resultant of P and W, but as these

are assumptions, that probably do not represent actual condi-

tions, they should not be made. In general the nature of the

supports provided for the structure should be such as to clearly

fix the character of the reactions.

One Vertical and One Inclined Reaction.—If the support at B,

Fig. 5e, is so arranged that the reaction at this point can have

-W'RfVg

Fig. 5e.

both a horizontal component, H 2) and a vertical component,

V2 ; then R 2 may have any direction consistent with the

requirements of equilibrium. The only known point on the

line of action of R2 is B; the point where the support touches

the base A B. The support at A is free. Ri is, therefore,

vertical and passes through A.

With this arrangement of supports it is possible to construct

a closed force polygon for P, W, Ri and R 2 . The only

unknown quantities are the magnitudes of Ri and R 2 and the
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inclination of the line of action of R 2 ; these can readily be

obtained from the graphical conditions of equilibrium. The

line of action of Ri is drawn until it intersects R, the resultant

of P and TT, at K. The line of action of #2 must also pass

through K. This follows from the fact that three non-parallel

forces cannot be in equilibrium unless they are concurrent

(see Art. 2). In order to find the magnitude of R\ and R 2 ,

they are laid off from the ends of R parallel to their lines of

action so as to form a closed force polygon. It is apparent

that changing the distance between the supports A and B will

give a point of intersection other than K and, therefore, differ-

ent values of R\ and R 2 than those obtained above.

Figure 5/ shows the method of finding the reactions when the

support at A is made so that Ri may have a horizontal and a

vertical component, and the support at B is made so that R 2 is

vertical.

Statically Determinate Structure.—A structure is said to be

statically determinate, with respect to the outer forces, when
the supports are so arranged as to enable the reactions to be

determined from the conditions of equilibrium. If it is not

possible to determine the reactions from these conditions the

structure is said to be statically indeterminate, with respect to

the outer forces.
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The preceding examples show that in order to make a

structure statically determinate the line of action of one

reaction and a point on the line of action of the other must be

fixed by the supports. If this is done there remains three

unknown quantities to be determined : namely, the inclination

of the line of action of one reaction, and the magnitude of both

reactions. From the conditions of equilibrium which are

indicated graphically by the closure of the force and equilib-

rium polygons, and algebraically by XH = 0, XV = 0, and

2M = 0; it is possible to find only three unknown quantities.

If there are more than three unknowns the structure is

indeterminate.

P=4000

Rollers

Free End B

Fig. 5(7-

Examples of Structures That are Statically Determinate with

Respect to the Outer Forces.—The truss shown in Fig. hg is made

statically determinate with respect to the outer forces by mak-

ing the end A fixed and the end B free. The end A is fastened

rigidly to the support by means of anchor bolts that do not

allow any horizontal movement of the structure at that end.

A pin connecting the members AC and AB to the support at A

allows an angular movement and fixes the point A on the line
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of action of Ri; since Ri must pass through the center of the

pin.

Hollers under the end B make that support incapable of

resisting any horizontal forces. R2 must, therefore, be verti-

cal and pass through the center of the pin at B.

Figs. 5h, i, j, k and I.

In Figs. 5/i, 5i, 5j, 5k and 5/, the line of action of one reaction

is fixed by either a tie rod or strut, which cannot resist any
forces normal to their directions, or by a roller support. The
reactions are readily obtained by the methods previously

exolained.
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Outer Forces Non-concurrent—In all the problems of this

article the resultant of the applied forces and the reactions

have been taken as concurrent. In most cases, however, the

resultant of the applied loads is either parallel to the lines of

action of the reactions, or does not intersect the reaction lines

within the limits of the paper. In order to determine the

reactions for any conditions of loading, it is necessary to make

use of both the force and equilibrium polygons.

Prob. 5a.—In Fig. 5e the total water pressure P is equal to 28,100

pounds and it acts 10 feet above the base AB. The weight, W, equals

60,800 pounds and it acts along a line that is 4.62 feet from A. The

distance between the supports A and B is 21 feet. Find the reactions.

Prob. 5b.—Determine the magnitudes of Pi and P 2 for the truss shown

in Fig. bg. Take P equal to 5,000 pounds.

Prob. 5c—In the derrick of Fig. 5h, let AB equal 30 feet, AC equal

30 feet, AD equal 20 feet, angle BAC equal 45 degrees, and P equal 10

tons. Find the reactions.

Prob. 5d.—The beam of Fig. 5/c is 20 feet long. Determine the

reactions assuming that P equals 2,000 pounds and is applied at a point

16 feet from the left support.

6. Force and Equilibrium Polygon Applied to the Deter-

mination of Reactions. Reactions for a Simple Beam.—li

both the force and equilibrium polygons are used in determin-

ing reactions, it is possible to obtain the reactions directly

from the loads without first finding the position of the resultant

of the loads; it is also possible to obtain the reactions for any

statically determinate structure on two supports for any given

loading. The methods developed below for determining the

reactions of the simple beam shown in Fig. 6a, may be applied

to any statically determinate structure on two supports.

The beam of Fig. 6a carries two loads, Pi and P2 ,
acting as

shown. It is desired to find the reactions Ri and P 2 . The

support at A is fixed; therefore, the point A is the only known

point on the line of action of Ru The line of action of R*

is vertical and it passes through the point J5. To solve the

problem, it is necessary to find three unknown quantities:

the magnitude of Rh the magnitude of R 2 ,
and the inclination

of the line of action of R x . Whatever the values of these three
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unknowns, they must be such that R x and R2) combined with

Pi and P2 shall form a closed force polygon. It is also neces-

sary that the components of Ph P2 , R 1} and R2 (when laid off

according to the method explained in Art. 4), shall form a
closed equilibrium polygon.

Lay off the loads P x and P2 in direction and amount, one
from the end of the other, in the force polygon Fig. 66. Take
any point O as the pole and draw 1, 2, and 8, the strings or

arbitrary components of the loads. In Fig. 6a, Pi can be

FlGS. 6a and b.

replaced, at any point C" on its line of action, by the compo-
nents 1 and 2. At D', the point where the component 2 of the
force Pi intersects the line of action of P2 , P2 can be replaced
by its components 2 and 3. The resultant of P x and P2 will,

therefore, be the resultant of 1 and 3.

Whatever the value of Rh it can be replaced by two com-
ponent forces. These component forces may have any direc-

tions that will satisfy the conditions of the problem; they must,
however, be applied at some point on the line of action of # x .
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The direction of Ri is unknown, but it must pass through A,

the point of support. As A is the only known point on the

line of action, Ri must be replaced by its two components

(1 and 4) at this point. One of these components is made to

have the same line of action as the component 1 of the force

Pi, by drawing segment 1 through the point A until it inter-

sects Pi at C. Pi is now replaced by 1 and 2 at C and P 3

replaced by 2 and 3 at D. R2 must be replaced by two com-

ponent forces 3 and 4 at E, the point at which 3 of the force

P2 intersects the line of action of R 2 , as this is the only point

common to both 3 and R 2 . The component 3 of R 2 is thus

made equal and opposite and to have the same line of action

as the component 3 of P2 . The component 4 of Ri and the

component 4 of R2 must have the same line of action and an

opposite direction in order to close the equilibrium polygon.

They must, therefore, act along the line AE as this is the only

line in space that will satisfy these conditions. The segment

AE is called the closing line of the equilibrium polygon.

The component 4 of R 2 is made equal and opposite to the

component 4 of R\ by drawing string OK in the force polygon,

Fig. 66, parallel to AE of the equilibrium polygon until it

intersects R 2 a vertical line drawn through 77 at K. The line

HK, therefore, represents the magnitude and direction of R 2 ;

since its components as obtained from the equilibrium polygon

are 3 and 4- These components act in the directions HO and

OK respectively. The closing line of the force polygon, KF,
gives the magnitude and direction of R\. Its components

are 4 and 1 acting in the directions KO and OF respectively.

It is apparent in the above figures that the force polygon

closes and that all the segments of the equilibrium polygon

cancel each other. R\ and R 2 , as drawn in the force polygon,

are the only two forces that will cause these conditions to be

satisfied and must be the desired reactions.
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Figures 6c, 6d, 6e, 6/, 6g, 6A, 6z, 6j, 6A;, 61 are further

illustrations of the application of the above method to the

finding of reactions.

P=6000

R, = 4000
i R? =2000

*/

12000

Scale distance: finch=10feet-
Scale forces :Irhch=IQ000pout7cls

Figs. 6c and d.

7 ——*k—5— .

Scale :Iinch - 10feet

R, = 72O0
l
z

R
?

» GfSO

Scale: linch=!Q000pounds

Fig. 6e,
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P--I2000 P=J2000

Scale distance:
]inch =10fed-

Scale forces: Ru
linch=2Q000pounJs>

ff, = 8000
Rn=20000

Figs. 6/ and g.

P=/2000

Fig. 6/i
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Pj=4000

P2 =?500 P3 =?SOO
%=4000

<- 8'—4c— /o'->\<— jo '-4e— to-- A?
Scale : Iinch 20 feet

Scale: Jinch = 80pounds

Fig. <",/.

^2000

P2 =4000

P,=2000

Fig. 6,;.
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60

Scale: /inch=40-feet

Scale:1inch=9000pounds

Fig. 6/c.
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Scale : Iinch =30feef-

\°>

p, WH p
7

Scale:Iinch=ZQOOOpounds

Fig. 6Z.

Prob. 6a.—Find the reactions for the beam of Fig. 6a. P\ = 500 and

P 2 = 600.

Prob. 6b.—In Figs. 6c, 6e, 6/i, and 6>j, multiply each force by 2 and each

distance by 1.5; and then find the reactions.



CHAPTER III

STRESSES IN SIMPLE STRUCTURES

7. General Considerations. ^Definition of a Truss.—

A

truss is a framed structure composed of members so arranged
that the stresses in these members, due to such loads as the
truss may carry, are either tensile or compressive. The
points at which the members of the truss are united are called
" joints," " apexes" or " panel points." In order that the
stresses may be either tensile or compressive it is assumed that
the axes of the members meeting at any joint intersect at a

common point, and that the joints act as frictionless hinges.

The elementary figure of a truss should be and is usually a
triangle; this is the only geometric figure in which the form
cannot be changed without a change in the length of the sides.

Fig. 7a.

Outer Forces.—The external or outer forces that act on a

truss consist of any loads that the truss may be called upon
to carry, such as wind, snow, shafting, roof covering, etc.; the

weight of the truss itself, and the reactions. The external

forces are most always applied at the joints. The weight of

the structure itself is also assumed to be divided among these

points

31
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Inner Forces.—The outer forces on a truss bring into action

certain inner forces called stresses. These stresses act along

the axes of the members and are either tensile or compressive.

Tensile stresses act away from the joints and compressive

stresses act toward the joints. In Fig. la the axes of the

members 1,2,3, and 4 intersect at joint B. Pi is an external

force applied at the joint. The arrow heads indicate the direc-

tions of the stresses with respect to the joint B. Member 3

is in tension and members 1, 2 and 4 in compression. It is

customary to denote tension by the symbol (+ ), and com-

pression by the symbol ( — ).

Classification of Trusses.—Trusses may be divided into two

classes dependent upon whether the stresses in the members

can or cannot be found from the general conditions of equilib-

rium. If the members of a truss are so arranged and of such a

number that all the stresses in the members can be found from

the conditions of equilibrium, the truss is statically deter-

minate. If the members are so arranged or of such a number

that all the stresses cannot be found from the conditions of

equilibrium the truss is statically indeterminate.

Methods of Determining Stresses.—There are two methods in

common use for determining graphically the stresses in a

statically determinate truss: the method of joints and the

method of sections. Both of these methods are based upon

the graphical condition that for any system of forces in equilib-

rium, the force polygon must close. This condition is applied

to portions of the truss so chosen that a system of forces is

obtained, for each portion, that is in equilibrium. The two

methods differ only in detail and both may be used to advan-

tage in obtaining unknown stresses. The method of joints,

however, is simpler and in more general use; it will be consid-

ered first.

Method of Joints.—Since every joint of a truss is subjected

to certain forces, and remains at rest under the action of these

forces, the forces acting at any joint constitute a system in

equilibrium. The external forces and the stresses acting at

any joint intersect at a common point; therefore they are
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concurrent forces. It has been demonstrated in Art. 2 that,

for a system of concurrent forces in equilibrium, it is possible

to find two unknown quantities by means of the force polygon.

The directions of all the members of a truss are given by the

dimensions of the figure. The line of action of the stress in

any member is coincident with the axis of the member; there-

fore it is necessary to find only the magnitudes of the unknown
stresses from the force polygon. The first force polygon must
be drawn for the forces at a joint where there are not more
than two intersecting members and, therefore, only two
unknown stresses. The next polygon may be drawn for a

joint where three or even more members intersect, providing

the stresses in all but two of these members have already

been obtained.

Figure lb represents a simple truss carrying a load at the

apex. The reactions Ri and R 2 are found by the methods of

Art. 6, as indicated in Fig. 76 and 7c. The forces acting at

joint A are the reaction Ri, the stress in member ®B, and the

stress in member AC. Only that portion of the truss about

the joint need be considered; the remainder of the truss may be

assumed to be removed as shown in Fig. Id.

Ri is laid off to a convenient scale in the force polygon,

Fig. 7e. The stresses in members AB and AC must be such as

to form a closed polygon when combined with R\. The line of

action of the stress in AB is parallel to the member AB and
that in AC is parallel to the member AC. If from the ends,

H and M , of R\ lines be drawn parallel to members AB and AC
respectively they will intersect at the point K. The line II

K

measured to the same scale as the reaction represents the mag-
nitude of the stress in AB, and the line KM represents the

magnitude of the stress in AC. Since the closure of the force

polygon depends upon the condition that each force must be

laid off, from the end of the preceding force, in the direction in

which it acts, the arrow head indicating the direction of a force

must point away from the arrow head of the force preceding.

In Fig. 7e, the stress a-b acts downward toward the left, and

toward the joint A. The member AB is, therefore, in com-
3
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pression. The stress a-c acts horizontally toward the right

and away from the joint A. The member AC is, therefore, in

tension.

Figure Ig shows the polygon for the forces acting at joint B of

Fig. 76 and Fig. 7/, the polygon for the forces acting at joint C.

J-

'(d)

L—l 6*/^

Figs. 7b, c, d, e, f and g.

The stress in member BC can be found from either of these

polygons.

Determinate and Indeterminate Trusses.—In the truss of

Fig. lb there are three members and, therefore, three unknown

stresses to be determined. There are also three unknown

values to be found in order to obtain the reactions; the mag-

nitude of Ri, the direction of R i} and the magnitude of 722 .

The equilibrium of each joint is directly related to the equilib-

rium of the structure as a whole. Two unknown values can be

found from each force polygon, and as many force polygons

may be drawn as there are joints. In the above truss there are

altogether six unknowns to be obtained from three force

polygons. In general for any truss, that is statically deter-

minate with respect to the reactions, there should be three

more unknowns than there are members in the truss. If m
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equals the number of members in a truss, and n equals the

number of joints;

m + 3 = 2n or m = 2n — 3.

If there are less members than that value of m which satisfies

the above equation, the truss will be unstable under certain

conditions of loading. Figure Ih is an example of a truss of

Fig. 7h.

this kind. It would tend to collapse under the action of load

P.

If there are more members than that value of m which satisfies

the above equation, all the stresses cannot be found from the

(J)

Figs. 7% and /.

conditions of equilibrium, and the truss is statically inde-

terminate with respect to the inner forces. Figure li shows a

truss of this kind. After obtaining the reaction Ri a force

polygon may be drawn for the forces at joint A, Fig. 7j, and

the stresses in members AB and AD determined. It is not

possible to draw a force polygon for the forces acting at B
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or D, as there are three unknown stresses to be found at either

of these joints. In order to make the truss statically deter-

minate either member BE or member DC must be omitted.
Either BE or DC is called a redundant member. It is custom-
ary in a truss of this kind to assume the stresses in BE and
DC equal and in this way obtain a solution for the stresses.

Bow System of Nomenclature.—In place of designating each
member of a truss by a separate symbol, the truss diagram
may be lettered so that any member or force will lie between

Figs. 7k, I, and m.

two symbols. Thus, in Fig. 7k, the force P is designated by
the letters x -x h the reaction R h by y-x Q , the member AC
by xo-l, and the member AB by 1-y.

The stress in any member, as found in the force polygon,
Fig. 11, is designated by the same symbols as the member
itself; a symbol is placed at the end of each line representing
the stress. It should be noted here that the order in which
the forces are laid off in the force polygon does not affect the
results; either Fig. 71 or 7m represents the force polygon for
joint A. It is convenient, however, to lay off the forces in
the force polygon in the order in which they occur when going
clockwise or anti-clockwise about the joint. If the forces are
laid off in the order in which they occur when going clockwise
about the joint A, the member AC is called x -l; the stress
as read from the force polygon, Fig. 71, is xQ-l, and it acts
in a direction from xi toward 1, or toward joint A. If the
forces are laid off in the order in which they occur when
going anti-clockwise about the joint A, the member AC is

called l-x Q ; the stress as read from the force polygon Fig.
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7m is l-xo, and it acts in a direction from 1 toward Xo, that

is, toward joint A.

In this way the character of the stress in any member is

indicated by reading the symbols in the force polygon in the

same order as they occur in the space diagram, when going

clockwise or anti-clockwise, as the case may be, about the

joint. It is better for the student, however, to determine the

nature of the stress from the force polygon, rather than by

any mechanical method.

Prob. 7a.—Find all the stresses in the truss of Fig. 7b.

Prob. 7b.—In the truss of Fig. 7i, take AD = DE = EF = BD =

10 ft., and the load P = 2,000 lbs. Omit member BE and determine the

stresses in all the members by drawing the force polygons for the forces

at joints A, B,C, D, E and F.

8. Stresses in Trusses by the Method of Joints. The

Combined Force Polygon.—The stresses in all the members of

a truss may be determined by drawing several force polygons,

one for each joint. These polygons will contain duplicate

lines. The redrawing of these lines takes time and introduces

the possibility of error. The practice is, therefore, to construct

a combined diagram for the entire truss in one operation.

Consider the truss shown in Fig. 8a. The reactions are

obtained by the methods of Art. 6, Ri(ij-Xi) is laid off in the

force polygon, Fig. 86 or Fig. 8c. The stresses in members

Xi-1 and 1-y are readily obtained by completing the poly-

gon for the forces at joint A. A polygon is now constructed

for the forces acting at joint B. At this joint there are two

unknown stresses; x 2-2 and 2-1. The stress in member

l-x h determined from Fig. 86, is laid off in Fig. 8d. The

load, Xi-x2l is drawn from the end of l-xi and the

unknown stresses are found by completing the polygon. It

should be noted that the stress, Xi-1, Fig. 86, acts in the

direction Xi-1 when referred to joint A, but in the direction

1-x, when referred to joint B, Fig. 8d. The force polygon

for the stresses acting at joint C is drawn as shown in Fig. 8e.

The redrawing of several lines is avoided by making a com-

bined diagram as illustrated by Fig. 8/. The combined force
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P2 =9600

Rz =J4400

Scale:!mch=40
J 00Opounds L
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Figs. 8a, b, c, d, e and /.
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Member

x,-/
X2'2
X3 -4

h-<>
1-4

i-y
1-2
2-3
4-S
S-6
6-7

STRESS

Anallied Ik/
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Graphically
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- 33500
+,42/00
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+ 9S00
- 9500
+ 14600

Figs. % and h.
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polygon should always be made in preference to drawing
separate polygons for each joint. The same polygon that is

used in determining the reactions may bo used as a basis for

obtaining the stresses.

The following points should receive careful attention:

10000 10000 10000 10000 10000 10000 JOOOO

8r35000

8Pane/s'S)BS
f=200-- —

Scale: (1 \

Iinch*80feet- vV

R2 *3S000

a



STRESSES IN SIMPLE STRUCTURES 41

should be recorded on the sheet. The diagrams should be
made to as large a scale as will conveniently cover the sheet.

Figure Sh shows the force polygon for the truss of Fig. 8a.
Figure 8/ shows the force polygon for the truss of Fig. Si.
In the latter case the forces are laid off as they occur when

going anti-clockwise about the joints; hence the diagram is on
the right of the load line, y x-x.

Prob. 8a.—Find the stresses in all the members of a truss similar to
that of Fig. 8a. Take P, = P 2 = P 3 = 5,000 pounds, the distance
between supports equal, 48 feet, and the height of truss equal, 9 feet.

Prob. 8b.—Find the stresses in all the memhers of the truss of Fig. 80.
due to a load of 4,000 pounds at each upper chord joint.

Prob. 8c—For the truss of Fig. Si find the stresses in all the members
due to a panel load of 12,000 pounds.

9. Stresses in Trusses by the Method of Sections. The
Forces in Equilibrium.—If a truss is assumed to be cut into

Fig. 9a.

two portions by an imaginary plane, the external loads that
act on either portion together with the stresses in the cut mem-
bers will form a system of forces in equilibrium. In order to
illustrate this principle, consider the truss of Fig. 9a. Let an
imaginary section, mn, be passed through the members x 2-#,

#-S, and S-y; cutting the truss into two parts. The
external forces to the left of the section are y-x x and x-x2 .

If the truss were actually cut into two parts by the section mn,
and the external forces y-Xi and x x-x 2 still continued to
act, they would not hold the portion of the structure to the left

of the section in equilibrium; but if additional forces were
applied to the ends of the cut members, of the same nature and
amount as the stresses in these members due to the given
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loading, equilibrium would result. Likewise the external

forces to the right of the section and the stresses in the cut

members are in equilibrium. It is conventional, except in

special cases, to consider only that portion of the structure to

the left of the section for the purpose of solving problems.

The Force Polygon.—Since the external forces to the left of

any section and the stresses in the members cut by the section

are in equilibrium, a closed force polygon must be formed when

these forces are laid off one from the end of the other. The

lines of action of all the forces are given; therefore the magni-

tudes of two unknown stresses may be found by completing

the force polygon. By the successive application of the above

principle all the stresses in the members of a truss may be

determined. The first section must be taken so that it cuts

only two members; the next section may cut three members,

providing the stress in one of these members has already been

determined from the first force polygon. It is apparent that

those stresses which act toward the section are tensile and

those which act away from the section are compressive.

The truss shown in Fig. 96 is the same as that shown in

Fig. 8a. In order to find the stresses by the method of sec-

tions, the first section, ran, is passed through the members

Xi-1 and 1-y dividing the truss in two parts. The only

external force to the left of this section is the reaction y-Xi)

the stresses in the cut members are Xi-1 and 1-y. The

magnitudes of these stresses are readily determined from the

force polygon, Fig. 9c. The next section, op, cuts the mem-

bers x2-2, 2-1, and 1-y; the two unknown stresses

x 2-2 and 2-1 are found from the force polygon Fig. 9d.

The stresses in members 2-3 and 3-y are now obtained by

completing the force polygon, Fig. 9e, for those forces in

equilibrium to the left of section qr.

Combined Force Polygon.—As in the case of the method of

joints, much duplication can be avoided by making a com-

bined polygon, Fig. 9/. The method of joints and the method

of sections give identical force polygons for the entire truss;

the only difference is the order in which the forces are laid off.
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(Compare Figs. 8/ and 9/.) The force polygons of Figs. 8/,
8h, and 8/ will serve to illustrate both methods of finding
stresses in open articulate frameworks. Either the method of
joints or the method of sections may be used to solve any par-

3600

Figs. %, c, d, e and /.

ticular problem; it will be found useful sometimes, however, to
combine both methods.

Prob. 9a.—Find all the stresses in the members of the truss shown in
Fig. 8i due to a bottom panel load of 7,500 pounds and a top panel load
of 2,500 pounds.

Prob. 9b.—Solve problem 9a, using the method of joints.

10. Cases of Apparent Ambiguity. The Fink Truss—
Certain forms of trusses, such as the Fink truss of Fig. 10a
may at first appear indeterminate with reference to some of
the inner forces. The polygons for the forces and stresses at
joints A, B and F offer no difficulty. At joint C, however,
after obtaining the stresses in members 3-2 and 2-x 2 from
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previous polygons, the stresses in the three members x3-5,

5-4 and 4-3 are unknown. Two methods will be given here

by which the stresses in these and the remaining members of

the truss can be determined.

P4 -480O

Py-4800 ^--4800

P2 =4800
Pr-4800

Scale: Jinch =30 -feet

Scale:/inch =2Q0O0pouncfs

Figs. LOa and b.

First Method.—Consider the members 5-4 and 6-5 removed

and the member shown by the dotted line, DG, substituted.

The stresses in the members x<r6}
6-7 and 7-y are not altered

by this substitution. Since if a section is passed cutting these

members, the stresses in the cut members together with the

outer forces to the left of the section, form a system of forces
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in equilibrium. By similar reasoning it can be shown that the
stresses in members 3i-i, 1-y, x 2-2, 2-3, 3-y and 2-1 are not
affected; the true values of the stresses in these members are
readily obtained by drawing the polygons for joints A, B
and F, Fig. 106. Proceeding to joint C, the stresses in mem-
bers x 3-5 and 4-3 are found for the assumed condition to be
x3-5

f and 4'-3 respectively, Fig. 106. Next considering the
c
orces at D the stress in member x 4-6 and that in the sub-
stituted member are found from the force polygon and indi-

cated by the lines x^-6 and 6-4'. The stress, x A-6, in the force

polygon is the true stress in the member, x 4-6. The members,
6-5 and 5-4, may now be considered as replaced, and the
polygon redrawn for the stresses at joint D. Since the true
value of the stress in x^-6 has now been obtained, there remains
two unknown stresses to be found at this joint: 6-5 and 5-xz .

These are determined by completing the force polygon X4-6,

6-5, 5-x3 . Coming back to joint C the true stresses in the
members 5-4 and 4-3 can now be obtained from the polygon
3-2, 2-x2 ,

x2-x3 , xz-5, 5-4, 4-3. The remaining stresses offer no
difficulty as the solution may be undertaken so that there are

not more than two unknowns at any of the remaining joints.

Second* Method.—After drawing the polygons for the
stresses at joints A, B and F pass to joint D and find the stress

in member 6-5. This stress may be obtained by drawing
from x 3 and x A Fig. 106 the indefinite lines x3-5, and x A-6,

parallel to members xs-5 and x 4-6, Fig. 10a; the stresses in the
members x3-5 and X4-6 are unknown, but the stress in 6-5 must
be such as to close the force polygon 5^-Xs, xz-x A , Xi-6h when
drawn parallel to the member 6-5. The line 61-61 gives this

stress. To obtain the stress in the member 4-5, consider the
forces at joint H. (There are really three unknowns at this

joint but two of them have the same line of action and they
may be replaced by a single force.) Draw the indefinite line

5i-4i parallel to the member 5-4 and the line 6i-4i parallel to

members 6-7 and 7-4. Members 6-7 and 7-4 lie in the same
* As given in "Theory and Practice of Framed Structures, *' by Johnson,

Bryan and Turneaur.
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straight line and 6 y -4i in the force polygon gives the difference

in stress in these two members. The line 6i-4i gives the stress

in the member 5-4. At joint C the stresses in members 3-2,

2-x 2 and the force x 2-x z are already shown in the force poly-

gon. Also, the stress in member 5-4 being known, draw the

line x*-4i parallel to 5i-4i then 42-4 parallel to member xz-5

and meeting 3-4 at 4- Hence 4r4 equals the stress in member

Xz-5 and 4-3 that in member 4-3. The forces may now be

arranged in their proper order in the force polygon, 3-2, 2-x2 ,

x2-xz , x-i-5, 5-4, 4-3, the remaining stresses in the truss members

are easily found by passing successively from joint to joint.

Of the above two methods that of substituting an auxiliary

member is preferable. An auxiliary line or set of lines is also

used to find the stress in an interior member of a truss when

only that particular stress is desired. Auxiliary lines are also

used to connect outer forces with the truss figure as is done in

Fig. I2i. In using such lines care should be taken in locating

them so they will not influence the magnitude of any desired

stress.
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and the wind acting on the fixed side. The reactions are

found by the methods of Art. 6. It should be remembered
that the first segment of the equilibrium polygon must pass

Scale:

I
}

inch^S000pounds X (L)

Figs. 11a and b.

through the fixed end as this is the only point known on the

line of action of the reaction at this end. The stresses in

the truss members may be obtained by the method of joints,

Art. 8, or the method of sections, Art. 9.
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Figure 116 illustrates the method of constructing the stress

polygon for the wind loads shown, acting on the fixed side of

the truss of Fig. 11a. Figures lie and lid show the method of

Scale:linch*20feet

Scale: Iinch =6000pounds

Figs. 11c and d.

determining the stresses for the wind acting on the free side

of the truss. The stresses are given on the truss diagrams in

thousands of pounds.

Figure 11/ is the stress diagram for determining the stresses

due to the wind acting on the fixed side of the truss of Fig. lie.
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Stresses Due to Single Load.—The effect of a single load,

at any joint of a truss, in producing stress in the various truss

members can be readily determined graphically. Figure llh

shows the stress diagram for a load at joint B of the truss of

Fig. llg. It should be noted that for many forms of roof

4000

Scale :

1inch =3000pounds

PlQS. 1 \{j and h

trusses in common use the stresses in the web members of the

unloaded half are zero.

Prob. 11a.—Determine the stresses in all the members of the truss

shown in Fig. 11a due to wind acting on both the fixed side and free side

of the truss. Take .r -Xi = x*-Xi = 1,500, X\-xi = x 2-x 3 = 3,000.

Prob. lib.—Find the stresses in the members of the truss of Fig. lie.

Due to the wind acting on the free side.
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Prob. lie.—Determine the stresses in the members of the truss of

Fig. llg, for a single load of 3,000 pounds at joint c.

12. Unsymmetrical Trusses. Unsymmetrical Roof Truss.

Figure 12a shows an unsymmetrical roof truss. Figure 12b

is the stress diagram. The method is the same as that given

for previous cases.

o
o

*0l

s
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ing the force polygons successively for the remainder of the

joints.

Figure 12e shows a truss with a cantilever arm and an anchor

arm. Figure 12/ illustrates the method of determining the

stresses.

X 1
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ferred to s by the stress in the member is. The reactions R x

and R 2 are found by previous methods.

The stress diagram for half the truss is shown in Fig. 12A.

Care should be taken in laying off the loads so that a con-

Scale:

linch*40feet

Scale:

tinch=4000poun&

8tol4
(f)

Figs. 12e and /.

tinuous stress diagram may be made wivoout duplicating any
of the lines.

Figure Yli shows a portion of a viaduct tower under the action

of wind load. Use is made of auxiliary members, 1, 2, 3, 4, 5,

and 6, to transfer the wind on the train and girders, on top of

the frame structure, to the structure itself. The method of

determining the stresses is illustrated in Fig. 12j.
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In Fig. 12/b th<* stresses due to the action of wind on a trans-
mission line tower are determined. The diagonal members
shown by the dotted lines act when the wind load is applied on
the side opposite to that shown.

Prob. 12a.-—Determine the amount of the stresses in all the members of
the truss shown in Fig. 12a.

Prob. 12b.—Determine the stresses in all the members of the canti-
lever truss of Fig. 12c.

Prob. 12c.—In the viaduct tower shown in Ki<r. ]2i lake the distance
between the supports as 30 feet, length of member 7 as 6.5 feet, all
other dimensions and loads the same as shown, determine the stresses
in the members due to the wind acting on both the fixed and free sides
of the structure.

Prob. 12d.—Determine the reactions and stresses in the members of
the truss of Fig. 12g for a horizontal force of 10,000 pounds applied to the
point S and acting to the right.



CHAPTER IV

MOMENT AND SHEAR

• 13. Shear. Definition— If any plane section is passed

through a structure, the algebraic sum of all the components

of the outer forces parallel to the section tends to produce a

slipping along the section on either side. This tendency to

produce slipping is called shear,

Vertical Shear.—The most common problem in practice is

to obtain the shear on a vertical section through a horizontal

beam or truss carrying vertical loads. For this case the

*i

Fig. 13a.

magnitude of the shear is equal to the algebraic sum of the

loads and reactions on either side of the section. In Fig. 13a

the shear on the section m-n is equal to Ri-Pi or #2-^2-^3.

For any structure in equilibrium the shear on the left must

equal the shear on the right of the section.

Graphical Computation.—-The graphical method of obtaining

the vertical shear on any section of a horizontal beam or truss

may be illustrated by Fig. 136. In order to find the shear on

section m-n of the beam the reactions are found from the

force polygon by the methods of Art. 6. The shear on the

section m-n will be, according to the definition, the resultant

of the forces either to the left or right of the section. This

58
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resultant is equal in magnitude to the line that closes the force

polygon, drawn by laying off the forces either to the left or

right of the section. Considering the forces to the left of the

section, R\ is laid off vertically upward from a, and from 6, the

end of R\, Pi is laid off vertically downward, the line that closes

the polygon will be c-a. The resultant of Ri and P\ is, there-

fore, a-c acting downward. This is the shear on section

vi-n. If the forces to the righl of the section are considered,

P,=I600

Fig. 136.

the shear will be the resultant of R 2 andP 2 . This is also found to

be a-c, but its direction is upward. That is the shear will

act down on the left of the section but upward on the right

for this particular case. It is conventional in practice to con-

sider the forces acting on the left of the section in order to

obtain the shear, unless it is more convenient to take the forces

on the right. The same methods as those given above may be

used to determine the horizontal shear on a vertical structure

carrying horizontal loads.

Live Load.—In order to determine the shear at any section

of a beam subjected to a system of concentrated live loads it is

convenient to draw an equilibrium polygon and a force polygon

for the system of loading, such as is shown in Figs. 13c and 13d,

for the Engine Loading known as Cooper's E50. The loads
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are given in thousands of pounds. The position of the loading

on the span, which produces a maximum shear or moment at

any section is best determined by analytical methods, and will

not be given here.

P, K P3P4 Ps Pi P7 ftPs Pjo Pn P,2 Piz fa Pis Pg Pa P/8

(c)
y-Line ofaction of
§ resultantofsystem

Figs. 13c and d.

In order to find the shear at the end of a 50 foot span due

to the above loading, wheel two (2) of the first engine being

over the left hand support, the span length is laid off to scale

on the space diagram to the right of wheel (2). The line a&,

Fig. 13c represents the span. The loads on the span are wheels

two (2) to ten (10) inclusive. The reactions due to the loads



MOMENT AND SHEAR 61

can be obtained by first drawing the closing line, cd, of the
equilibrium polygon, then the line Pn in the force polygon
drawn parallel to cd will intersect the load line, om, at n. The
line mn gives the magnitude of the right reaction and no the
magnitude of the left reaction ; no represents the required shear.

Prob. 13a.—Find the shear on vertical sections 2 feet, G feet and 10
feet from the left support of the beam shown in Fig. 13fr.

Prob. 13b.—Find the shear at the left end of a single span 40 feet long
due to the loading of Fig. 13c. Assume wheel 2 over the support.

Prob. 13c.—Find the shear on a section 10 feet from \ \w left support of

a 40 foot span due to Cooper's E50 loading. When wheel / is at the sec-

tion, when wheel 2 is at the section, and when wheel 3 is at the section.

14. Moment. Definition.—The moment of a force about
an axis has already been defined in Art. 1 as the tendency of

the force to produce rotation about that axis. The magnitude
of the moment is equal to the product of the force and the
lever arm.

Moment of a System of Forces.—The moment of several

forces about any point is equal to the moment of the resultant

of the forces about that point. The magnitude and direction

of the resultant of any system of forces are given by the closing

lino of the force polygon. A point on the line of action of the
resultant is given by the intersection of the first paid last

segments of the equilibrium polygon.

In Fig. 146, the line on gives the magnitude and direction

of the resultant of the forces Pi, P2 and P3 shown in Fig. 14a.

The point of intersection of the first and last segments of the
equilibrium polygon, 1 and 4, Fig. 14a is a point on the line

of action of the resultant. A line through a parallel to on
represents the line of action of the resultant of the system.
The moment of the resultant of the system, and therefore

the moment of the several forces about any point such as b will

be equal to on in the force polygon, measured to the scale of

forces, multiplied by cb in the equilibrium polygon, measured
to the scale of distances.

In a number of cases in practice the first and last segments
of the equilibrium polygon may be so nearly parallel that they
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do not intersect within the limits of the drawing. It is not

possible to locate point a and, therefore, not possible to

express the moment in terms of the result ant and the lever arm.

It is desirable in any case to express the moment in terms of

two other quantities more readily determined. If through

b, the point about which the moment is required, a line be

Figs. 14a and b.

drawn parallel to the resultant as obtained from the force

polygon it will intersect the prolongations of first and last

segments of the equilibrium polygon at d and c. The triangle

aed of the equilibrium polygon is similar to triangle Port of

the force polygon (all the sides are parallel), cb represents the

altitude of triangle a<d and PH drawn from P perpendicular

to on represents the altitude of triangle Pon; therefore

cb : PH = de : on or cb X on = PII X de.

cb X on is the moment of the forces about point 6, therefore,

PH X de is also the moment of the forces about point b. PH,

which is called the pole distance, is measured to the scale of

forces, de, which is called the intercept between the seg-
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ments that hold the resultant in equilibrium, is measured to
the scale of distances.

In general to find the moment about any point of any num-
ber of coplaner forces, draw through the point a line parallel
to the resultant of the forces, as obtained from the force polygon
and find the intercept on this line between the strings holding the
resultant in equilibrium. This intercept measured to the scale
of distance multiplied by the perpendicular distance from the
pole of the force polygon to the resultant of the given forces
measured to the scale of force, equals the desired moment.

Prob. 14a.—Determine the moment of the forces shown in Fig 4h
about a point 8 feet to the right of the intersection of Pb with the
horizontal axis.

Prob. 14b.—Determine the moment of the loads shown in Fig 13c
about wheel 18.

15. Bending Moment. Definition.—If a section is imagined
to pass through any point of a loaded structure, the forces on
either side tend to rotate that portion of the structure about
any point on the section. The algebraic sum of the moments
of the forces (loads and reactions) on either side of the section
about any point on the section is the bending moment at that
point.

Resisting Moment.—The algebraic sum of the moments of
the internal stresses at any point on the section is known as
the resisting moment. The resisting moment at any point
on the section must equal the bending moment.
Bending Moment in Beam.—The magnitude of the bending

moment at any section of a beam will be equal to the
moment of the resultant of the forces (loads and reactions)
on either side of the section about an axis through the center
of gravity of the section. For any structure in equilibrium the
moment of the forces to the left of the section must equal the
moment of the forces to the right of the section. The most
common problem in practice is to obtain the bending moment
at a vertical section through a horizontal beam or truss
carrying vertical loads.
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Graphical Determination of Bending Moment.—In the

beam shown in Fig. 15a the bending moment at a vertical

section through n, 6 feet from the left support, is equal to the

moment of the forces, either to the right or to the left of the

section about n. The forces to the left of n are the reaction

jRi, obtained in the force polygon Fig. 155, and the load P x .

'5—6-~

*

+-4- ->k—

—

S- ->k-J ->|/?p
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FlOS. 15a and (>.

The moment of these forces about n is equal to the moment of

their resultant. The resultant of Ri and Pi is given by ac

in the force polygon. The segments that hold the resul-

tant in equilibrium are 2 and 4. The line dn in the equilibrium

polygon is drawn through n parallel to ac in the force poly-

gon. The intercept on this line between the segments 2 and

4 is dk. This intercept multiplied by the pole distance PH
gives the required moment. The intercept, dk, by scale

equals 1.77 feet and PH equals 3,000 pounds. The bending

moment is, therefore, 1.77 feet X 3,000 = 5,310 foot-pounds.

In Fig. 15c the bending moment at c is obtained by drawing

through c a line parallel to on, the resultant of the forces to

the left of c
r
and multiplying the intercept on this line between
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segments 3 and 5 by the pole distance PH. The magnitude
of this moment is PH X dk.

R-SOO,
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Fig. 15c.

Bending Moments for Moving Loads.—The graphical

method is readily applicable to determining the bending

moments in beams, girders, and trusses for any given system
of loading. The majority of the load systems for which
structures are to be designed are vertical. The pole distance

is the same for all the forces in a force polygon in which all the

loads are vertical. It is, therefore, a decided advantage to

make the pole distance 1, 10, 1,000 etc. or some quantity which
permits its use in mental multiplication. It is also well to

locate the pole on a line perpendicular to the force polygon at

its center in order that the equilibrium polygon may be

nearly symmetrical. In order to show the method of rinding

bending moments for moving loads graphically construct the

space diagram, Fig. 13c, for Cooper's E50 loading. Draw the

force polygon, Fig. 13d and choose the pole so that the pole

distance equals 500,000 pounds to the scale of the forces.



66 ELEMENTS OF GRAPHIC STATICS

The section at which maximum bending moment occurs, and

the position of the loading which gives the maximum bending

moment at this section are best determined by analytical

methods and will not be considered here.

Lei it be required to find the bending moment at the center

of a 50 foot span with the loading so placed that P 4 is at the

center. The span is laid off on the diagram, Fig. 13c, 25

feet on each side of P 4 and represented by the line ef. The

loads on the span are P x to P 7 inclusive, P8 standing at the

right need not be considered, R e and Rf will be vertical forces

and act at e and / respectively. The closing line of the equilib-

rium polygon must be gh, for this loading. The forces to the

left of Pa are R r , Ph P2 , and P 3 . The resultant of these

forces is found from the force polygon to be tx. The segments

that hold this resultant in equilibrium are 4 and gh. The
intercept between these two segment sis fa = 4.75 feet measured

to the scale of distance on the equilibrium polygon. The
bending moment will then be equal to fcs X PH = 4.75 X
500,000 = 2,375,000 foot-pounds. Several positions of the

loading may be tried in the above manner and the load which

gives a maximum intercept will be the one under which

maximum moment occurs at any point.

It is evident from the above, that in order to find the bending

moment, at any section in a span, due to a given system of

loading it is necessary to:

(a) Place the proper load at the section where the moment

is desired.

(b) Locate the left and right ends of the span with reference to

this load.

(c) Draw vertical lines through the ends of the span until they

intersect the equilibrium polygon and connect the points of inter-

section by a straight line, thus forming the closing line for the

chosen span.

(d) Multiply the intercept between the first ard last segments

by the pole distance. The product is the desired h nding moment.

Prob. 15a.—In the beam shown in Fig. 15a determine the bending

moment at sections 4 feet and 8 feet from the left support.
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Prob. 15b.—Find the bending moment at a section 6 feet from the

left support of the beam of Fig. 15c.

Prob. 15c.—Find the bending moment over the rigid support of the

beam shown in Fig. \hd.

Prob. 15d.—Determine the bending moment at the center of a 51-ibot

span due to Cooper's E50 loading. Place wheel Pu at the center.

1000 800

i

400 300
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--JU--4'-^--3'4<--3'M---4->

Fig. 15d.

16. The Equilibrium Polygon for a Given Set of Forces.

—

As many equilibrium polygons may be constructed, for a

given set of forces, as there may be poles selected for the force

polygon, that is an infinite number of equilibrium polygons

may be drawn for any set of forces acting on a rigid body.

It is clear, that, if for each of the segments of an equilibrium

polygon a rigid inextensible member with frictionless hinged

ends be substituted, the resulting structure will be in equilib-

rium for the given set of loads. The stress in each member

will be given by the corresponding ray of the force polygon.

Let Fig. 16a represent the equilibrium polygon for the forces,

Pi, P2 , and P 3 . If members of suitable size and material be

introduced in the line of action of the segments, 1, 2, 3, and 4

the resulting structure is in equilibrium. The selection

of any other pole in the force polygon, Fig. 166, would require

an entirely different set of members for 1, 2, 3 and 4; hence

it can be seen that a knowledge of the manner of changing 1 he

shape of the equilibrium polygon, or of drawing it to suit

definite conditions is desirable.

Equilibrium Polygon through One Point.—Any string of the

equilibrium polygon may be passed through a given point by

just drawing the string through this point and then construct ing

the remainder of the polygon. In Fig. 16c the string 3 is

passed through the point, a. by drawing 3 through a, parallel

to ray 3 of the force polygon, Fig. 16d, and then drawing
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strings 2, 1, 4 and 5 in the order given. Since the pole may be
chosen anywhere, it is evident that an infinite number of

equilibrium polygons may be drawn through one point.

Equilibrium Polygon through Two Points.—In order to illus-

trate a method of passing an equilibrium polygon through two

a)
Scale 1 1inch =3000pounds

Figs. UW and /.

points consider the forces, Pi, P 2> Ps and P 4 shown in Fig. 166.

Let it be required to draw an equilibrium polygon through

points a and 6. The forces are laid off in the force polygon,

Fig. 16/ and their resultant on obtained in amount and direction.

Any pole, P' may be chosen and the trial polygon, shown by the

dotted lines, drawn. The trial equilibrium polygon 1', 2' , 8',

4' and 6f with its segments parallel to the corresponding rays

of the force polygon is now constructed and made to pass

through a by drawing segmenl /' through that point. Seg-

ment 5' of the trial equilibrium polygon intersects a line drawn
through 6 parallel to the resultant on in the force polygon at b'.

The line ab f
is the closing line of the trial equilibrium polygon.
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A line drawn from the pole P f

parallel to the closing line ab f

intersects the resultant on at k and determines the magnitude

of two forces ok and kn both acting in the direction of the

resultant and which if applied so as to act through the points

a and b of the space diagram would have the same resultant as

Pi, Pi, P3 and P 4 . The forces Pi,P2 , P3, and P4 would be held in

equilibrium by a force equal, parallel and opposite in direction

to ok acting through point a and a force equal parallel and

opposite in direction to a force kn acting through b. The
method is similar to that of finding two reactions, both parallel

to the resultant on, which would hold the forces Pi, P2 , Pi and
P4 in equilibrium when applied at a and b. It is evident that

the point k determined by the closing line will not change

regardless of the location of the pole P', it is also clear that the

closing line of the equilibrium polygon that will pass through

both points, a and b, must be ab. If, therefore, a line be drawn
through k parallel to ab, any point, P on this line may be used

as the true pole of the force polygon. The equilibrium

polygon, in which the segments 1, 2, 3, 4, 5, are drawn parallel

to the corresponding rays of the force polygon will pass through

both points a and b providing segment / is first made to pass

through a. Since the pole of the force polygon may be taken

anywhere on the line Pk an infinite number of equilibrium

polygons may be drawn through two points.

Equilibrium Polygon through Three Points.—The above
method of passing an equilibrium polygon through two points

may be applied to passing the polygon through three points.

Consider the forces Pi, P2 , P 3 and P 4 , Fig. 16g. Let it be

required to draw the equilibrium polygon through points, a, c

and b.

The forces are laid off in the force polygon, Fig. 16A, and
any point P' taken as a trial pole. The equilibrium polygon

1', 2' , 3', 4', 5' is now constructed so as to pass through a.

The resultant of the forces, Pi and P2 , to the left of c is or in

the force polygon. A line drawn through c parallel to or

intersects segment 3' of the trial equilibrium polygon at c'.

The closing '"a* for that portion of the equilibrium polygon to
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Figures 17m and 17n show equilibrium and force polygons for

full dead load plus live load on divisions Pi to P' 2 inclusive

(about five-eighths of the span) . This condition of loading gives

maximum positive moment at the spring, at a normal section

at division Pio'. The equilibrium polygon ACB, for this case,

lies within the middle third of the arch ring throughout.

Showing that there is no tension at any section. The unit

stresses on any section such as GH at P\o, can be deter-

mined approximately as follows: From the force polygon,

Fig. I7n, find the component of the force OR normal to

the section GH of the space diagram, this will be equal to

F\ = OT measured to scale of forces. On the equilibrium

measure e to scale of distances. Then, as previously illus-

trated in Fig. 17c it may be assumed that

Fi /
t

6e>

*-5(»+5)

*-20-JJ
Prob. 17a.—Let Fig. 17h represent a portion of an arch ring between

two vertical planes one foot apart. Let it be assumed to support the

loads P { to P 7 inclusive, each equal to 2,000 pounds. If the arch ring is

18 inches deep at the crown, what is the unit stress at this section due to

the given loading.

Prob. 17b.—For the arch shown in Fig. 17k see if it is possible to

construct an equilibrium polygon within the middle third of the arch ring

for the given dead load plus a live load of 1,750 pounds per division at

Pio, P9, Pa, Pi, Pe, Pb, Pa and P 3 (about % the span). Determine approxi-

mate unit stresses on extreme fibres, at a section normal to neutral axis

and through division Pio .

Prob. 17c.—For the arch shown in Fig. 17fc construct an equilibrium

polygon within the middle third for the condition of loading given in

Fig. 17e. Find unit stresses on extreme fibres at a section normal to

neutral axis at crown.

18. Stability of a Masonry Dam. Methods of Failure.—
The dam considered here is of the gravity type. It resists the

thrust of the water by the inertia of its masonry. A dam of

this type may fail in three ways: (1) by shearing along any
horizontal section or joint; (2) by overturning about the end
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of any horizontal; (3) by crushing of the masonry. Failures*

due to defective foundations are frequent but will not be

considered here.

Forces Acting.—The main forces that any dam must resist

are the horizontal thrust of the water and the pressure due
to its own weight. Other forces that are considered, but

which depend upon local conditions, are the forces due to

wind and wave action also those due to ice pressure. The New
Croton Dam, New York, is designed to resist a thrust of 43,000

pounds per lineal foot due to ice thrust. The thrust due to

ice increases the horizontal sliding force and also the tendency
to overturn down stream. Ice pressure may be eliminated

by breaking the ice that forms near the face of the dam. It

may be reduced by inclining the upstream face so that the

ice will slide up this face.

In addition to the above the uplift due to water penetrating

the mass of the masonry should be considered. This percolat-

ing water is assumed to cause an uplift equal to the full

hydrostatic head at the upstream face 4 decreasing to zero at

the downstream face. It is evident that this force increases

the tendency to overturning downstream. If the dam can be
made water tight this force may be neglected. There is

considerable difference of opinion regarding the possibility of

making masonry watertight. Drains are sometimes inserted

in the masonry to carry away any water percolating the

up stream face, thus preventing the uplift due to buoyancy.
Rules Governing Design.—In order that a masonry dam may

have a safe and economical cross-section it is usually designed

to conform to the following:

(1) At all horizontal sections the resultant of the forces

acting shall lie within the middle third of the section for all

conditions of water level behind the dam. This implies that

there shall be no tension stresses on any horizontal section.

* For more detailed information relating to the design of Dams see

Wegmann's Design and Construction of Dams. School of Mines
Quarterly

t
Vol. xxvii.
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The pressure intensity is assumed to vary along the section

P Mc
according to the law S ' = -r ± -y—

(2) The unit normal pressure on any horizontal section

shall not exceed a specified safe amount.

(3) The friction developed by the weight of the structure

above any horizontal joint or at the base shall be greater than

the resultant horizontal force acting on the joint (due to

methods of construction there is small probability of a dam
sliding at any section).

Illustrative Problem.—In order to illustrate the graphical

method of investigating the stability of a dam consider the

cross-section of the dam shown in Fig. 18a. The graphical

method involves the construction of an equilibrium polygon

for each condition of loading. Two conditions will be

investigated in this problem: (1) Reservoir empty. (2) Reser-

voir full to top of dam. Ice pressure and uplift of water will

not be considered.

The total height of the dam above the foundation is 42 feet.

The profile is divided into 7 courses by passing successive

horizontal planes across the entire cross-section.

The center of gravity of each section is found analytically

or graphically and shown by gi, g 2 , tf 3 etc. The center of

gravity of a trapezoid may be found graphically as shown for

course 3 Fig. 18a. Join the centers of the parallel sides by a

line St and from C layoff Cm equal in length to DD r
. From D'

lay off D'n equal in length to CC . The line mn will intersect

St at the center of gravity of the trapezoid CC'D'D.

The line drawn through points gi, g 2 , gz etc. is the medial line

of the profile.

Reservoir Empty.—The first step is to combine the various

sections and consider the effect produced when they act

together. First section 1 is considered to act independently

and the resultant of all the forces acting on it found. The
intersection of this resultant with BB f

gives one point on the

line of pressures. Then sections 1 and 2 are considered

and the resultant of the forces found, this resultant cuts CC at
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another point on the line of pressure. Sections 1, 2, and 3 are

now considered to act together and the resultant found. This
method is followed until the last section, 7, is reached and the
entire dam considered.

»///# Ms Hi

Fig. 186.

With the reservoir empty the only forces acting will be the

weights of the successive courses 1, 2, 3, 4 . • 7, each act-

ing at its center of gravity g h g 2 , gs . . . g 7 . The weight of

the masonry is taken at 150 pounds per cubic foot. The
weight of each section is obtained by multiplying the area by
150. This assumes that the profile is one foot thick normal to

the section.

The weights w h w 2 . . . w 7 are laid off successively in the

force polygon Fig. 186. Any convenient point P may be
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taken as the pole and the rays 1', 2', 3'
. .

.8' drawn.

Starting at any point on a vertical line through gi Fig. 18a

segmenl / is drawn parallel to 1' of the force polygon, seg-

ment 2 parallel to 2' . At the point where 2 intersects a vertical

through g2 segment 3 is drawn parallel to ray 3 of the force

polygon. In a like manner segments 4, 5, 6> 7 and 8 are drawn

each segment being terminated by the corresponding vertical.

The equilibrium polygon thus obtained gives for each joint

the line of action of the resultant weight acting on it. The

force polygon gives the magnitude of tin's resultant. Thus

for the section above GG1
the value of the resultant weight

above GG, is ow Q measured to the scale of forces in the force

polygon. The line of action is indicated by Wi-e and deter-

mined by the intersection of segments 7 and 1 in the equilib-

rium polygon. The intersection of the vertical dropped from

this point of intersection with the plane GG' is a point on the

line of pressure of the dam with the reservoir empty. The

\meswi,Wi- 2,Wi-z . . . Wi- 7 are obtained in a similar manner.

A continuous line through the points of intersection of wh

W1-2 • • • W1-7 with BB',CC' . . . HH f
respectively, gives

the line of pressure with the reservoir empty.

This line of pressure, in order that there be no tension on

any horizontal plane, on the down stream face, must lie within

the middle third of the profile. For this particular profile it

does. It falls very close to the limit, however at the section

HH' as it is 3.95 feet from K the limit being 4 feet from K.

The stresses at H' and H f may be obtained from the expres-

P Me
sion S =

A
+ j- which for a rectangular section S =

so**)
At HH', e = 3.95 ft. d = 24 ft.

A = 24 sq. ft. P = wi_7 = 86,400 lb.

a , 86,400/,
,
^ X3.95\

Stress atW = SH ' = —24~V + 24 /
=

7,160 pounds per square foot
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a* . rr e 86,400/, 6 X 3.95\
Stress at # = & =

24
^1

^4 )
=

45 pounds per square foot.

The stresses on all the horizontal sections should be investi-

gated in this manner to see if they are within the safe allowable

amount for the material.

Reservoir Full.—With the reservoir full the thrust due to

water pressure on each section considered modifies and changes
the line of pressure already established. Water pressure is

always normal to the submerged surface. As the upstream
face of this dam is vertical the water pressure will be hori-

zontal. To obtain the horizontal thrust of the water the

weight of a cubic foot is taken as 62.5 11). The pressure at

any depth H equals 62.5 X H. The total pressure above
any horizontal plane H distant from the top is equal to

62.5 X H 2

2 X 1 foot. The magnitude of the water pressure

and the distance from the top at which the resultant pres-

sure acts is indicated in Fig. 18a. Thus for course 1 the total

pressure on A'B' is Hi = 1,125 and it acts at a distance from
the top equal Y^A' B f = 4 feet. For courses 1 and 2 acting

together the total pressure on A'C equals 7/i_ 2 = 4,500 pounds
and it acts at a distance down from the top equal %A' C =
8 feet.

In the force polygon Fig. 186, these pressures are laid off to

scale from 0, OHh OH 2 , OHh etc., therefore, represent hori-

zontal pressures above the planes BB', CC, DD', etc.,

respectively.

Considering course 1, with the reservoir full, the forces

acting will be the weight W\ and the horizontal thrust //,.

The magnitude and direction of the resultant, #1 of these

forces is obtained by joining Wi and Hi in the force polygon.

A point on the line of action of this resultant will be the inter-

section of Wi and Hi in the space diagram, Fig. 18a. From
this point of intersection Ri is drawn parallel to R 1 in the force
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polygon. Ri cuts the horizontal BB' at a point on the line of

pressure for the reservoir full.

For courses 1 and 2 acting together the forces acting above

CC will be the weight Wi_2 and the horizontal pressure //i_2 .

The resultant must pass through their intersection and be

parallel to #i_ 2 of the force polygon. This resultant cuts CC
at a point on the line of pressure*.

Courses 1 , 2 and 3 are now considered acting together and

a point on DD' is obtained.

This method is followed until the base of the dam EH' is

reached.

The line joining the points of intersections of the resultants

#1, #i_2 , #1-3 . . • #1-7 with the horizontal planes BB'

,

CC, DD' . . . HIV respectively gives the line pressure of

the dam for the reservoir full.

According to the principles laid down this line of pressure

should lie within the middle third of the profile in order that

there be no tension on the upstream side of any horizontal

plane.

It will be noticed here that the line of pressure for the reser-

voir full passes outside the middle third at GG' and HH f and

there are tensile stresses at G' and H'. The magnitude of the

stresses at H and H f

are

:

86,400/ 6 X5\ „ Ark n u . .

SH = '
( 1

2
\ = 900 lb. per sq. ft. tension

86,400/
1 ,

6 X 5\ Q innl , ,,

SH- - —24-\} + 24 /
=

'

per Sq
*

C°mp '

Since it is not desirable to have any tensile stresses it would be

necessary to modify the profile of the dam. A simple way

to do this would be to increase the width of the base. The

calculations should be made for the new section thus obtained.

It should be remembered that the horizontal thrust due to

water pressure produces shear on the horizontal planes.

From Mechanics of Materials it is found that a shearing

force together with a compressive force normal to it produces a

greater shear on planes inclined to the horizontal. After
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any dam is tested by the above method for stability, the
principal stresses on inclined planes should be investigated
to see that the stress intensity is not too great.

Prob. 18a.—For the dam of Fig. 18a increase the width of the base HH'
from 24 feet to 27 feet and determine the lines of pressure for the reservoir
empty, and full.
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unit stresses, 74

Auxiliary lines, 46
Auxiliary member, 44, 45

B

Bending moment, 63

in beam, 63
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moving loads, 65

Bending stress, 73
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Bridge truss, 40, 54

Cantilever trusses, 51, 52

Closing line, 11

Combined force polygon, 37, 42
Component of force, 1

Concurrent forces, 4

Conditions of equilibrium, 5

Cooper's loading, 15, 59, 65

Couple, 2

D

Dam, 79, 80, 81, 82

section, 82

Determinate structure, 20, 32
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Engine loading, 15, 59, 66
Equilibrium polygon, 10, 11

arch ping, 72, 75, 76, 77

closing line, 11

in dam, 82

for engine loading, <K)

for given forces, 67
for non-concurrent forces, 11, 14
nature of resultant, 13

reactions, 23

segments, 11

through points, 67, 69, 71

F

Fink truss, 43

Fixed support, 19

Force, 1

component of, 1, 3

moment of, 2

Forces, concurrent, 4

co-planar, 3

equilibrant of, 5

equilibrium, 4, 5

from force polygon, 6
inner, 32

moment of, 4

outer, 31

resultant, 3, 4

Force polygon, 4, 36, 42
closure of, 5, 6

combined, 37

for arch, 77

for dam, 83

for engine loading, 60
pole of, 11
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Force polygon, for rays, 11

reactions from, 23

strings, 11

unknown forces from, 6

Free support, 18

I

Indeterminate structure, 20, 32

Inner forces, 32

Reactions, from force polygon, 20

inclined, 18, 19

live load, 60

roof truss, 28

transmission tower, 30

vertical, 17, 19

wind, 48, 49, 55, 56

Resisting moment, 63

Resultant, 10

Roof trusses, 37, 38, 48, 49

Joint, of truss, 33

Line of pressure, 84, 86

Live load, 59

arch ring, 75

Loads on structure, 16

M

Method of joints, 32, 37

of sections, 41

Middle third, 74

Moment, 2, 4, 61

bending, 63

graphical computation, 62

resisting, 63

N

Non-concurrent forces, 7

equilibrium of, 8, 13, 14

resultant of, 7, 8, 10, 11, 13

O

Outer forces, 16, 23

Scale, 41

Shear, 58, 59

Space diagram, 11

Stability arch ring, 74

dam, 79

determinate, 20, 21, 32

Statically indeterminate, 20, 32

Stress, 33

sign, 40

variation, 73

Stresses, arch ring, 75, 78, 79

bridge truss, 54

by sections, 41, 42

dam, 82, 84

determination of, 32

Fink truss, 44

roof truss, 36

transmission tower, 56

truss members, 6, 7

due single load, 50

viaduct tower, 53

wind, 47, 48

Supports, fixed, 19

free, 18

unstable, 17

Suspended span, 52

R

Reactions, 16

beams, 23, 26, 27, 28

cantilever truss, 29

Test for rotation, 13

Transmission tower, 56

Truss, 31
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Trusses, of apparent ambiquity, 43
cantilever, 51, 52

classification, 32
determinate, 34

indeterminate, 35

unsymmetrical, 51, 52

U
Unsymmetrical loading, 46

trusses, 51

Unstable supports, 17

Vertical shear, 58

Viaduct truss, 53

W

Wind loads, 47

stresses, 47, 48, 55, 57


















